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ABSTRACT. In this paper, the notion of compact neutrosophic soft metric space is introduced. The concept of neutrosophic 
soft function and the composition of functions in a neutrosophic soft metric space along with suitable examples also have been 
brought. The continuity and uniform continuity of a neutrosophic soft function in this space have been defined and verified by 


proper examples. Several related properties, theorems and structural characteristics of these have been investigated here. 


1 Introduction 


The theory of Neutrosophic set (NS) introduced by Smarandache [19, 20] is the generalization of many theories 
e.g., fuzzy set, intuitionistic fuzzy set etc practiced to handle the various uncertainties in many real application 
over the past many years. The neutrosophic logic includes the information about the percentage of truth, in- 
determinacy and falsity grade in several real world problem like in law, medicine, engineering, management, 
industrial, IT sector etc which is not available in fuzzy set theory and intuitionistic fuzzy set theory. 

Molodtsov has shown that each of the above topics dealing with uncertainties suffer from inherent difficulties 


possibly due to inadequacy of their parametrization tool. So, Molodtsov [1] proposed the concept of ‘soft set 
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theory’ for modeling vagueness and uncertainties. It is completely free from the parametrization inadequacy 
syndrome. This makes the theory very convenient, efficient and easy to apply in practice. In accordance of this, 
Maji et al. [2-4] studied the several basic operations in soft sets theory over fuzzy sets and intuitionistic fuzzy sets. 
The notions of fuzzy metric space were studied in [5-13] from different point of view. Roy and Samanta [14] have 
defined open and closed sets on fuzzy topological spaces. Park [15] and Alaca et al. [16] defined the concept of 
intuitionistic fuzzy metric space in term of continuous t-norms and continuous f-conorms as a generalisation of 
fuzzy metric space. Using all these concepts, Beaula et al. [17,18] proposed the notion of fuzzy soft metric spaces 
in terms of fuzzy soft points. 

After introduction of NS theory, Maji [21] has brought a combined notion Neutrosophic soft set (NSS). In 
continuation, several mathematicians have presented their research works in different mathematical structures. 
Deli and Broumi [22], Cetkin and Aygun [24-26], Bera and Mahapatra [27-34] studied some fundamental algebraic 
structures in NSS theory context. Deli and Broumi [23] have also modified some operations related to indetermin- 
istic function of NSSs given by Maji. Broumi et al. [35, 36] have done some consecutive works in graph theory 
over NSS. 

The motivation of the present paper is to extend the concept neutrosophic soft metric space (NSMS) proposed 
in [32]. The current article presents the notion of compact NSMS, the continuity and uniform continuity of a 
neutrosophic soft function in an NSMS along with investigation of some related properties and theorems. The 
content of the present paper is designed as follows : 

Section 2 gives some preliminary useful definitions, examples and theorems which will be used through out 
the paper. In section 3, compactness of NSMS is defined and illustrated by examples. Some related basic properties 
have been studied here, also. Section 4 deals with the continuity of neutrosophic soft function and the composition 
of neutrosophic soft functions in an NSMS along with the study of their structural characteristics. The concept 
of uniform continuity of a neutrosophic soft function in an NSMS has been introduced in section 5. Finally, the 


conclusion of the present work is stated in section 6. 


2 Preliminaries 


We recall some basic definitions and theorems related to fuzzy set, soft set, NS, NSS, NSMS for the sake of com- 


pleteness. 


2.1 Definitions related to Fuzzy Set and Soft set 


This section gives some important definitions related to Fuzzy set, Soft Set [1, 28] : 


1. A binary operation * : [0,1] x [0,1] — [0,1] is continuous ¢ - norm if « satisfies the following conditions : 
(i) * is commutative and associative. 

(ii) * is continuous. 

(iti) ax 1 =1*a =a, Va € [0,1]. 

(iv) axb<cxd if a<c,b<d with a,b,c,d € [0,1]. 
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A few examples of continuous f-norm are a * b = ab,a * b = min{a,b},a*b = max{a+b— 1,0}. 


2. A binary operation © : [0,1] x [0,1] — [0,1] is continuous ¢ - conorm (s - norm) if © satisfies the following 
conditions : 

(i) © is commutative and associative. 

(ii) © is continuous. 

(iii) a0 0 = 00a =a, Va € [0,1]. 

(iv) aob<cod if a<c,b<d with a,b,c,d € [0,1]. 


A few examples of continuous s-norm are ao b = a+b —ab,aob = max{a,b},aob = min{a+b,1}. 


3. Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of U. Then for 


A C E,a pair (F, A) is called a soft set over U, where F : A — P(U) isa mapping. 


2.2 Definitions related to NS and NSS 


Few relevant definitions are given below [19, 21, 23, 33] : 


1. Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set A in X 
is characterized by a truth-membership function T,4, an indeterminacy-membership function I, and a falsity- 
membership function F4. T,4(x), [4(x) and F4(x) are real standard or non-standard subsets of |~0,1+[. That is 
Ta,14,Fa : X —]~0,1*[. There is no restriction on the sum of T,4(x), 14(x), F4(x) and so, ~0 < sup T4(x) + 


sup I, (x) + sup F4(x) < 3. 
2. Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. Then for 
A C E,a pair (F, A) is called an NSS over U, where F : A — NS(U) is a mapping. 

This concept has been modified by Deli and Broumi as given below : 


3. Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. 
Then, a neutrosophic soft set N over U is a set defined by a set valued function fy representing a mapping 
fn : E > NS(U) where fy is called approximate function of the neutrosophic soft set N. In other words, the 
neutrosophic soft set is a parameterized family of some elements of the set NS(U) and therefore it can be written 


as a set of ordered pairs, 


N = {(e,fn(e)):e€ E} 
{(2,{< %, Ty (e) (X), Lpy(e) (©), Fy (ey (") > x € U}) se € E} 


where Tf, (¢)(%), Lpy (e) (*), Fey (e) (*) € [0,1] and they are respectively called the truth-membership, indeterminacy- 
membership, falsity-membership function of fy(e). Since supremum of each T,I,F is 1 so the inequality 0 < 


Thy (e)(X) + Lpy ce) (*) + Fry (e (x) < 3 is obvious. 


4. The complement of a neutrosophic soft set N is denoted by N° and is defined by : 
NE = {(¢,{< 2, Fp (e)(*),1 — Ipycey (%), Thy (ey (x) >: x € UF) se € E} 


5. Let N; and Nz be two NSSs over the common universe (U,E). Then N; is said to be the neutrosophic soft 
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subset of No if Ve € E,Vx € U, 

Thy () (0) S Thy, (e) 24 Eh, (09 2 Thy, (e) OD Fy, (2) () 2 Ff, (e) ()- 

We write N; C No and then Np is the neutrosophic soft superset of Nj. 
6. Let Nj and Nz be two NSSs over the common universe (U, E). Then their union is denoted by Nj U No = N3 
and is defined by : 

N3 = {(e,{< %, Thy, (e) (*), L py, () (2) Fy, (ey (*) >: x € UJ) se € E} 
where T yy, (e) (*) = Thy (e) (x)o Tyr, (e) (x), Try, (e) (Xx) eal (e) (x) * Try, (e) (*) and 
Frye (e) 2) = Ey, (e) (2) * Ff, (e) 2) 
7. Let Ny and Np be two NSSs over the common universe (U, E). Then their intersection is denoted by Ny N No = 
N3 and is defined by : 

Nz = {(e,{< x, Try, (e) (x), Ty, (e) (4) Fn, (e) (x) >: x € U}):e € E} 
where T yy, (e) (*) = Thy (e) (x) * Try, (e) (x), Tr, (e) (*) ile (e) (x) © Ty, (e) (*) and 
Fry, (e) (*) = Fey, (e) (*) & Fry, (e) (*)3 
8. A neutrosophic soft set N over (U,E) is said to be null neutrosophic soft set if Ty, (¢)(x) = 0,1py(e)(*) = 
1, Fp, (e) (x) = Ve € E,Vx € U. It is denoted by py. 
A neutrosophic soft set N over (U,E) is said to be absolute neutrosophic soft set if Ty. (¢)(x) = LT py(ey(X) = 
0, Fru(e) (x) =0;Ve € E,Vx € U. It is denoted by 1,. 

Clearly, pf, = 1, and 1), = @u. 


9. A neutrosophic soft point in an NSS N is defined as an element (e, fny(e)) of N, for e € E and is denoted by en, 
if fv(e) € u and fry(e’) € pu, Vel € E— fe}. 

The complement of a neutrosophic soft point ey is another neutrosophic soft point ef, such that fy(e) = 
(fr(e))° 
A neutrosophic soft point ey € M, Mbeing an NSSif fore € E, fy(e) < fuleyie, — Try e)(*) S They (*), Lpy (ey (*) 2 
Tp, (e) (x), Efe) (x) > Epi (e) (x), Vx € U. 


Example : Let U = {x1,x2,x3} and E = {e1,e2}. Then, 

ein = {< x1, (0.6,0.4,0.8) >, < x2, (0.8,0.3,0.5) >, < x3, (0.3,0.7,0.6) >} 

is a neutrosophic soft point whose complement is : 

ein = {< %1,(0.8,0.6,0.6) >, < x2, (0.5,0.7,0.8) >, < x3, (0.6,0.3,0.3) >}. 
For another NSS M defined on same (U, E), let 

fruler) = {< x1, (0.7,0.4,0.7) >, < x2, (0.8, 0.2,0.4) >, < x3, (0.5,0.6,0.5) >}. 


Then fy (e1) < fu(er1) ie, ein € M. 


2.3 Definitions related to neutrosophic soft metric space 


Following necessary definitions are provided here [32]: 


1. Let NS(Ug) be the collection of all neutrosophic soft points over (U, E). Then the neutrosophic soft metric in 
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terms of neutrosophic soft points is defined by a mapping d : NS(Ug) x NS(Ug) — [0,3] satisfying the following 


conditions : 


NSM1: d(ey,en >0, Vey,en € NS(Ug). 
NSM2: d(ey,en =0Sey =en. 
NSMB : d( 


NSM&4: d(em,en < d(ey,ep) + d(ep,en), Vem,ep,en © NS(Ug). 


em,en) = 4(en, em): 


Then NS(Ug) is said to form an NSMS with respect to the neutrosophic soft metric ‘d’ over (U,E) and 
is denoted by (NS(Ug),d). Here ey¢ = en in the sense that To,,(xi) = Tey (Xi), leu (Xi) = Tey (xi), Fey (07) = 
Fox (x;), Vx; € U. 


2. Example (i) On NS(Ug) define d(ey,en) = minx, {(|Tey (xj) — Tog (Xa) |" + |Tey (Xi) — Tey (x;)|* + |Foxy (xj) — 
Fey, (x;) | ) k },k(> 1) being any real number. This ‘d’ satisfies all the metric axioms and so, it is a neutrosophic soft 
metric over (U, E). 

d(em.en) 


(ii) Let ‘d’ be a neutrosophic soft metric on NS(Ug). Suppose di (e,en) = ladlacen” Then ‘d’ satisfies all the 


metric axioms. So, (NS(Ug),d,) is an NSMS with respect to the neutrosophic soft metric d. 


3. Let (NS(Ug),d) be a neutrosophic soft metric space and t € (0,3]. An open ball having center at ey € NS(Ug) 
and radius ‘t’ is defined by a set B(en,t) = {e;n € NS(UE) : d(en, ein) < ft}. 
The neutrosophic soft closed ball is defined as : Bley, t] = {ein € NS(Ug) : d(en, ein) < ft}. 


A neighbourhood of ey € NS(Ug) is defined by an open ball B(ey,t) with center at ey and radius t € (0,3). 


4. In an NSMS (NS(Ug),d) over (U, E), a neutrosophic soft point ey is called an interior point of NS(Ug) if there 
exist an open ball B(ey,t) such that B(ey,t) C NS(Ug). 
For an NSMS (NS(Ug),d) over (U, E), an NSS M is called open if each of it’s points is an interior point. 


5. A neutrosophic soft point ey in an NSMS (NS(Ug),d) is called a limit point/ accumulation point of an NSS 
Mc NS(Ug) if for every ¢ € (0,3], B(ey,t) contains atleast one neutrosophic soft point of M distinct from ey. 

Collection of all limit points of M is called derived NSS of M and is denoted by D(M). An NSS M C NS(Ug) 
in an NSMS (NS(Ug),d) over (U, E) is closed NSS if D(M) C M or M has no limit point. 


6. A sequence of neutrosophic soft points {e,1} in an NSMS (NS(Ug),d) is said to converge in (NS(Ug),d) if 
there exists a neutrosophic soft point ey € NS(Ug) such that d(enn,en) + 0asn — 00 or enn — en aS — 00. 


Analytically, for every € > 0 there exists a natural number ng such that d(e;n,en) <€ Vn > no. 


7. A sequence {ey } of neutrosophic soft point in an NSMS (NS(Ug),d) is said to be a Cauchy sequence if to every 
€ > 0 there exists an ng € N (set of natural numbers) such that d(enn,enn) < € Vm,n > no ie., d(emn,enn) — 0 


as m,n — oo, 


8. An NSMS (NS(Ug),d) is said to be complete if every Cauchy sequence in (NS(Ug),d) converges to a neutro- 
sophic soft point of NS(Ug). 
9. Let (NS(Ugz),d) be an NSMS. Then the diameter of NS(Ug) is defined as : 

6(NS(Ug)) = sup {d(e.n, eon) >€1N,€2N © NS(Ug)}. 
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An NSS M c NS(Ug) is bounded if it has a finite diameter ie., if d(eiy,e2m) < 1, for r € (0,3] and 


Veim,eom € M. 


2.4 Theorems related to neutrosophic soft metric space 


Some necessary theorems are stated for the sake of completeness [32]: 


1. In an NSMS (NS(Ug),d), every neutrosophic soft open ball B(ey, t) is open and every neutrosophic soft closed 
ball Bley, ¢] is closed. 


2. Let (NS(Ug),d) be an NSMS over (U, E). Then, 
(i) the intersection of finite number of open NSSs in (NS(Ug),d) is open. 


(ii) the intersection of any family of closed NSSs in (NS(Ug),d) is closed. 


3. Every finite neutrosophic soft subset of an NSMS is closed. 


3 Compactness of NSMS 


In this section, the compact NSMS has been defined and illustrated by examples. Some related theorems also have 


been developed here. 


3.1 Definition 


An NSMS (NS(Ug),d) is said to be compact if every sequence of neutrosophic soft points {e,1} of the space has 
a subsequence {é,, 4} converging to a neutrosophic soft point of NS(Ug). 

An NSS M c NS(Ug) is said to be compact if every sequence of neutrosophic soft points chosen from M has 
a subsequence converging to a point of M. If the limit of the subsequence belongs to NS(Ug) and not necessarily 


to M, then M is said to be compact in (NS(Ug), 4). 


3.1.1 Example 


(1) Let E = {e} and U = {x,y,z}. Define a distance function on NS(Ug) as: 
1 if em x en 
d(em, en) => . 
0 if em — en- 
Then ‘d’ is a neutrosophic soft metric on NS(Ug) and is called discrete neutrosophic soft metric. Thus (NS(Ug),d) 
is a discrete NSMS. It is a compact NSMS. 


(2) Consider the NSMS (NS(Ug),d) where E = N (the set of natural number) be the parametric set, U = Z (the 
set of all integers) be the universal set and d is defined as in (2)(i) of [2.3]; Since T, I, F € [0,1], every sequence of 
neutrosophic soft points of the space has a convergent subsequence and so (NS(Ug),d) is compact. 

(3) Take the NSMS (NS(Ug),d) where E = N (the set of natural number), U = Z (the set of all integers) and ‘d’ is 


defined as in (2)(i) of [2.3]; Consider a sequence of neutrosophic soft points {ey} as, Vx € Z: 
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Teum (x) = aon Teuw (x) =1- an Foam (x) = oA for Tents leunes Fen € (0,1) 
Then M is not compact itself but is compact on NS(Ug). 
(4) Let E = {e1,e2,e3, €4, €5, €6, €7,eg} and U = Z. Define ‘d’ as in (2)(i) of [2.3]; Then (NS(Ug),d) is not compact. 


We shall verify it by taking a sequence of neutrosophic soft points as given in Table 1. 


Table 1 : Tabular form of neutrosophic soft sequence 


C1M C2M 3M C4M e5M €6M e7M 3M 
x, | (1,0,0) (0,1,0) (0,0,1) (1,1,0) (1,01) (01,1) (0,0,0) (1,1,1) 
x2 | (1,0,0) (01,0) (0,0,1) (1,1,0) (1,0,1) (0,1,1) (0,0,0) (1,1,1) 


Then d(ejy, ej m) #0 fori # j. So, neither the sequence nor any of it’s subsequence is convergent. 


3.2 Theorem 


A compact NSMS is complete. 


Proof. Let (NS(Ug),d) be a compact NSMS and {e,.} be a Cauchy sequence of neutrosophic soft points in 
NS(Ug). Then to every € > 0 there exists an ng € N (set of natural numbers) such that d(emm,enm) < €, Vn > 


m > No. 


Since (NS(Ug),d) be compact, 43 a subsequence {ey} such that littn+00en,m = ep, say. Then d(en,m,ep) < 
€, Vny = ng. Also d(@mm,enm) <€, Vag > m > no. 
Now for n > m, d(enm,ep) < d(enm,emm) + 4(€mm, n,m) + 4(en,mep) < 3€. Thus {e,4} being a Cauchy 


sequence converges to a point in NS(Ug) and so (NS(Ug),d) be a complete NSMS. 


3.3. Theorem 


Every compact set in an NSMS is closed and bounded. 


Proof. Let M be a compact NSS in an NSMS (NS(Ug),d). Suppose M is not closed. Then there exists a sequence 
{énm} of neutrosophic soft points in M converging to a point ejy (say) not belong to M. Then every subsequence 
of {en} also converges to ey not belong to M. Thus there is no subsequence of {en} converging to a point of 


M which contradicts the compactness of M. Hence M is closed. 


Next suppose M is not bounded and ej be fixed neutrosophic soft point. Then 3 a point e;4 € M such that 


d(ey,eim) > 3. By similar argument 5 a point e24 € M such that d(ey,eoy) > d(em,eim) +3. Continuing 
this process, we get a sequence of neutrosophic soft points e1y,€2m,--: »enm,::: € M such that d(ey,enm) > 
d(em,eim) + d(em,e2m) + +--+ 4(em,e(n—-1)m) +3. So, forn > m,  d(em,enm) > 4(em,emm) +3. Now, 
d(eym,em) < d(enm,enm) + 4(emm,em) and so d(enmemm) > 3 whenever n > m. This shows that neither 
the sequence {e,} nor any of it’s subsequence can converge, contradicting the fact that M is compact. Hence M 


is bounded. 
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3.3.1 Remark 


Converse of above may not be true. The fact is shown by the example (4) of [3.1.1]; 


Here, d(eim,ejm) < 3 for alli 4 j and D(M) = ¢ C M. So, M is bounded and closed. But M is not compact. 


4 Continuity on NSMS 


Here, the concept of neutrosophic soft function, it’s continuity on an NSMS, the composition of neutrosophic soft 
functions have been introduced and illustrated by suitable examples. Several properties, structural characteristics 


and theorems related to these also have been presented here. 


4.1 Definition 


Let (NS(Ug),d) and (NS(V¢g;),d’) be two NSMSs and (9,) : (NS(Ug),d) + (NS(Vev),d’) be a neutrosophic 
soft function where g : U > V and p : E — E’ be two crisp functions. Consider two neutrosophic soft points 
eM, Ch as: 

em = {< x, (Tey (X), Ley (X), Fey (x)) >: x € U} E NS(Ug),e € E and 

ey = {< Yr (Tes, (y), Ten (Y), Fer, (y)) > y € P(U)} € NS(Ver), e' € P(E) 
(1) Then the image of ey under (g,) is denoted by (9, ) (eq). It is also a neutrosophic soft point ely (say) € 
NS(V¢z,) defined as follows : 


aa eee ee [Teu(x)], ifx € p *(y) 
: 0 , otherwise. 


(y) = | MiNg(x)=y Miny(c)—e' [leu (x)], ifx € PTY) 


1, otherwise. 


Fy (y) = MiNg(x)=y MiNy(e)—o" [Foy (X)], ifx € gp *(y) 
a 1, otherwise. 


(2) The pre-image of e,, under (9, p), denoted by (9, p)~+(e4,), is a neutrosophic soft point ey (say) € NS(Ug) 
and is defined as follows, Vx € U, Ve € p1(E’): 


Tem(x) =  Tiyceyjy(P(%)) = Ter (P(x) 
Teu(*) = Tipceyjy(P()) = ly (e(*)) 
Feu (xX) =  Fryceyjy (P(x) = Fe, (p(x) 


If p and @ are injective (surjective), then (@, ) is injective (surjective). 
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4.1.1 Example 


Let E = N (the set of natural numbers) be the parametric set and U = Z (the set of integers) be the universal set. 


Consider a neutrosophic soft point nyy € NS(Zy) as follows, for any n € Nand x € Z: 


Ty,(x) 4 0 HES %HL REZ 
x)= 
1 if y= 2k, EZ. 


st ifx=2k-1,kEZ 
Inu(x) = 47” 
0 ifx=2k, kEZ. 


1 . 
—= ifx=2k-1keZ 
Fay (x) = . ‘ 
0 if x = 2k, ke Z. 


Then (NS(Zn),d) forms an NSMS where ‘d’ is defined in (2)(i) of [2.3]. Now, let 9: Z— Zandpy:N — Nbe 
two crisp functions defined as p(x) = 2x +3 = y (say) and ~(n) = 2n—1 = m (say), respectively. Then the 
neutrosophic soft function (g,) : (NS(Zn),d) + (NS(Zn),d) is given by (9,)(nm) = mp, m € N and it is 


defined as : 
0 ify=4k+1keEZ 
Tmp(Y) =§ 72. ify=4k+3, keEZ 
0 if y = otherwise. 
a 


re ify=4k+1,keEZ 


In(y)=4 0 ify=4k+3,keEZ 
1 if y = otherwise. 
mot ify=4k+1,keEZ 

Fup (y)=4 0 ify=4k+3,keEZ 
1 if y = otherwise. 


4.2 Proposition 


Let (g,p) : (NS(Ug),d) + (NS(Vzr),d’) be a neutrosophic soft function. Then the image set {(, ) (em) : em € 
NS(Ug)} forms an NSMS with respect to ‘d’’. 
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Proof. Let us consider three neutrosophic soft points eyy,en,ep € NS(Uzg). Now, 


em £en => d(ey,en) > 0 
(Ten (x), Ten (x), Fey (x)) # (Ter (x), Ten (x), Fey (x)) > 


A[ (Ten (X), Tens (), Fem (*)), (Ten (*), len (%), Fen (x))] > 0,Vx € U 


nes Ten (X)], tet (x)], atl (x)) 4 

oe Tey ()], min min fey (%)I, en (x)]) => 
2 [as max Tes (x)], ta min[ey (x)], an Fey x)]), 
oe Tey ()], ale (x), Se (x)])] > 0 


(p, P)(em) A (P,#)(en) = 4p, #)(em), (GP) (en)] > 0 


em=en & d(em,en) =0 
Tex (x) = Tey (x), Ten (x) = len (0) Fei (x) = Fey (x), Vx eu > 
Al (Tera (%), Tena (*) Fem (X)), (Ten (%), len (%), Fen (x))] = 0,Vx € U 


max max([T»,,(x)] = max max[T,,, (x)], min min[Ie,,(x)] = 


g(x) ple) g(x) ple) 9(x) le) 
mes (x)], mane (x)] = cs mn kes (x)]) © 
a [eta mas Te (x)], ea ea (x)], fete tllace (x)]), 
ene (x), eae, (x)], pales (x)])] =0 


(~,b)(em) = (~, b)(en) = 4'[(p, P) (em), ($, H)(en)] = 0 


d(em,en) = 4(en,em) 


=> A[ (Ten (%), Tem (*), Fem (X)), (Ten (*), len (), Fen (x))] 


= A[ (Tey (x), Ten ()s Fey (2) )r (Tena (¥)1 Hen (2), Fem (2))] 


= d'[(maxmax[Te,,(x)], min min[Ie,,(x)], min min[F,,, (x)]) 


g(x) ple) 9(x) le) 9(x) le) 
ena (x)], ae (x), emmin Feae(*)))| 
= '[(max max[Tey (2)], Sen A eg 2) nex (x)]), 
raat le (x)], ote tlee (x)], men Ee (x)])] 


=> d'[(,9)(em), (G,9)(en)] = 4'[(, ¥) (en), (, ¥) (em)] 
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(4) d(em,en) < d(em,ep) + d(ep, en) 
=> dl (Tey(X), Tem (), Feng (%) )s (Tew (%), Tey (%)s Fen ())] 
S A[(Teng (%), Tena (*), Fem (%))s (Tep (), Len (X), Fep (x))] + 
A (Tep (x), Tep(X), Fep (X)), (Ten (%), Tew (X), Fen (x))], Vx € U 
2s. l(anae max Go aan minh, Galanin Ee GN) 


g(x) ple) g(x) le) g(x) ple) 


max max{|Te, (x)|, min min|Je, (x)|, min min|Fe, (x 
(max max{To (x)], min min|foy(2)], min min| Fe (x)]) 


< d'|(max max Tey (x)|, min min{Ie,,(x)|, min min|Fe,,(x)|), 
- (max mex ©) 9(x) mint ©) 9(x) min ©) 


max max|T,,(x)|, min min|I¢, (x)|, min min| Fe, (x 
(max maxTep(x)], min min(lep(x)], min min|Fe,(x)))] 


+d'| (max max[Te, (x)], min min|I,, (x)], min min|Fp, (x 
an ek Ten 2) mene en (a) mean a Fee (2)]) 


max max|Ty,, (x)]|, min min|I,,,(x)|, min min| Fe, (x 
(max max( Toy (x)), min min [ley (x)], min min Fo (2) 


= al(p,p)(em), ($,P)(en)] < 4'(¢, p) (em), (, #)(er)] + 4'[(P, #) (ep), (¢, P) (en)] 


This completes the proof. 


4.3 Proposition 


Let (g, p) : (NS(Ug),d) + (NS(V¢_),d’) be an onto neutrosophic soft function. Then the pre-image set {(~, p)~! (eo) : 


ae) € NS(V¢;)} forms also an NSMS with respect to ‘d’. [| Note that (@, )~! is the inverse image of NS(V¢_) under 
the mapping (@, #). Here (¢, p)~! may not be a mapping. ] 


Proof. Letem,en,ep € NS(Ug) and eG, er, es € NS(Ver) such that (, p)~'(e0) = em, (9,P)1(er) = en, (o,f) 1 (e6) = 


ep and g(x) = y for x € U,y € V. Now, 


(1) Co Fee => A'(eg,ep) > 0 
i.e, (Ter, (y), Tet, (y), Fer, (y)) # (Te, (Y), Ter (Y), Fe (y)) on 
a'(Ty, (y), Te, (y), Fer, (y)), (Ten (Y), Ter (y), Fe, (y))] >OVyeV 


ie, (Ten (%)s Teng (%), Fen (%)) A (Tew (%), Ten (%), Few (x) = 
Al (Tey (X), Len (%), Fem (%))s (Tew (X), Len (*), Fey (x))] > 0 
i.€., em #en => d(em,en) > 0 ie, 


(9,9) "(€Q) (GP) (en) > AGP)" (eQ), (GP) *(ep)] > 0 
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i.e., Ty (y )= ate el (y )= geet o 
] 


Al (Ter, (Y), Ler, (Y), Fer, (y)), ( ieee Fy (y))] =Ovy eV 
i, Tey (X) = Tey (X), em (X) = Tey (), Fem (*) = Fey (x) 

Al (Toy (X), Leng (%), Feng (%) )s (Tew (%), Len (2), Few (x))] = 0 
ie., em=en  d(ey,en) =0 


ie, — (pP) *(€o) = (GP) (er) = Al(p,)*(€Q), (9) *(e)] = 0 


=> d(ey,en) =d(en,em) ie., 


d[(9,P) *(€Q), (9,9) *(€R)] = 4l(9,P) (eR), (GP) (eQ)] 


(4) d'(e9,eg) Sd’ (eg, er) + d'(er, es) 

=> (Ty, W)s det, (Y)s Fer, (Y))s (Teg (Y)s Tes, (Y)- Fes (Y))] 
< A'[(Te,, (Y), Le, (Y), Fer, (Y))s (Teg (Y)r Ter, (YW), Fer (y))] + 
(Tey (Y)s Ter (Y), Fer, (Y)), (Tes (Y), Le, (y), Fez (y))], Vy € V 
=> Al (Tey (%)s Lens (%)1 Fenn () )s (Tep (%)_ Hep (%), Fen (x))] 
S Al (Tea (*), Ten (*), Fem (X)), (Ten (%), Hen (%), Fen (2) )] + 
Al (Tey (Xs Tey (2s Few (X))s (Tep (x), Hep (), Fep (x))] 
= d(em,ep) < d(em,en) + d(envep) ie., 


d[(9,)*(€Q)- (9-9) *(€5)] < Al(@, )*(eQ), (9, P) (eR) 
+d[(9,P)* (er), (P,P) * (es) 


This completes the proof. 


4.4 Proposition 


Let P,Q Cc NS(Ug) and M,N C NS(V¢z). Then for a neutrosophic soft function (9, p) : 


(NS(Vz,),d’), the followings hold. 


(1) (g,p)-*(M) C (9,4) 1(N) & MCN. 
(2)P CQ © (9,p)(P) E (9,#)(Q). 


12 


(NS(Ug),d) > 
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(3) MC (9,)(P) & (g,p)-1(M) CP. 
(4) (9, 4)(Q) CN & QC (g,p)“1(N). 


Proof. Let p(x) = yand ~(e) =e’ forx € U, y € Vande € E, e € E’. Then, 


(1) MCN 


(9.p)-1(M) 


(x) 
F, (x) >F, 
= (9) *(M) € (9, p)""(N) 


(2) (p,p)(P) S (g,#)(Q) 
ae ests [Tep(x)] < ates [Teg (x)], a ae [ep ()] 


> min min |[,(x)|, min min |F,,(x)| > min min |F,, (x 
Fy ee ee a ee = ey gy eee 


Tep(x) < Teg (x), Tep (x) = Teg (), Fep (x) = Feg (x), Ve, Vx 


= PCQ 


(3) MC (9,)(P) 


= Ty (y) < max max [Te,(x)], I (y) > min min [I., (x)], 
“ g(x) le) ws p(x) ple) 
Fy > min min |F, (x 
s(Y) 2 mn min [Fe (2) 
The) (P(*)) S pee [Ten (x)]> Tipe) (P(x) = 
min min [ep (X)|, Frye), (e(x)) = min min [Fe, (x 
min min [To(2)] Fiy()jq(@(8)) 2 min min [Fy (2) 


Ss Tep (x), Lect (x) 2 Te, (x), Fe. y)-1¢an (*) 2 Fey (x), Ve, Wx 


(4) (g,p)(Q) CN 

< max max [Te,(x)] < Ty (y), min min [Ie,(x)] > Ie (y), 
g(x) ple) » g(x) ¥(e) x 
min min |F,,(x)| > F, 
min min [Feq(2)} 2 Fa, (y) 

< max max [Teo (x)] < They, (9(x)), min min |[e, (x)] = 
es to o(*)] S Thpceyjy (92) es a o(*)] 
Tip(e)jy (P(*)), et Het [Feg(x)] = Flyceyjy (P(*)) 

 Teg(x) S Teg y-t¢ny (*)s Teg (x) 2 Jergy)teny Feg(x) 2 Fecow) cn) (x), Ve, Vx 


= QC (9,p)71(N) 
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4.5 Definition 


Let (NS(Ug),d) and (NS(V¢g),d’) be two NSMSs. Then a neutrosophic soft function (g,) : (NS(Ug),d) > 

(NS(V¢r),d') is said to be continuous at ep € NS(Ug) if for each € > 0 there exists a d > 0 such that 
d'[(g, ) (em), (9, P)(e€on)] <€ whenever d(ey,eon) <6, ey € NS(Uz). 

ie., if (@, p)[Bu(eon,5)] C Bo((g,P)(eon),€) holds. (gy, p) is called neutrosophic soft continuous function if it is 


continuous at every point in NS(Ug). 


4.6 Theorem 


Let (@, p) : (NS(Ug),d) > (NS(V_-),d’) be a neutrosophic soft function. 

(1) If egy is a limit point of NS(Ug), then (9, ) is neutrosophic soft continuous at egy iff limes eon (9, P) (em) = 
(@,'P) (eon): 

(2) (y, p) is continuous at e9y € NS(Ug) iff for every sequence {e,)} of neutrosophic soft points in NS(Ug) 


converging to egy, we have limy—soo (9, P) (enn) = (9, ) (eon). 


Proof. (1) It is straight forward. 


(2) First suppose that (g,) is continuous at egy € NS(Ug) and limy—+oo enn = eon. Then given e > 0, there 
exists a d > 0 such that 
d'|(g, ) (em), (9, b)(eon)] <€ whenever d(ey,eon) <6, em € NS(Uf). 
Since limy— oo Cnn = Con, there exists a natural number ng such that 
d(€nn,€on) <6, Vn > no. Putting ey = enn, we have 
d'|(9,) (enn), (g,#)(eon)| <€ whenever d(enn,eon) < 6, Vn > no. 
Thus d’[(~, p) (enn), (9, #) (€on)] < €, Vn > no and this completes the ‘if’ part. 
Conversely, let the condition be hold but (9, p) is not continuous at egy € NS(Ug). Then given e > 0, there 
exists a d > 0 such that 
d'|(9,) (em), (9,W)(eon)] > € whenever d(ey,eon) <5, em € NS(Ug);--- (1) 
But by hypothesis, there exists a natural number ng such that 
d'|(9,) (enn), (@,W)(eon)| <€ whenever d(e,n,eon) < 6, Vn > no. 


Putting ey = enn in (1), we have 


a'[(p,P) (enn), (P,P) (eon)| 2 € whenever d(enn,eon) <6 
This contradicts the hypothesis and so (9, #) is continuous at egy € NS(Ug). 


4.6.1 Example 


1. Let E = N (the set of natural numbers), E’ = I (unit interval [0,1]) and U = V = Q* (the set of nonzero rational 
numbers). Consider a eos soft oe {ny} in NS(Qn) as following, for any n € N: 

Tnus(#) = age Inae(t) = der Fouls) = &, Vee Q*. 

Then (NS(QN),d) forms an NSMS where ‘d’ is defined in (2)(i) of [2.3]. Now, let 9 : Q* — Q* andp:N- 1 
be two crisp functions defined as g(x) = 1 = y (say) and (1) = 1—1 = m (say), respectively. Then the 


x 
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neutrosophic soft function (g, ) : NS(QX,) + NS(Qf) is given by (9, f)(nm) = mp, m € Land is defined as: 
Te (Y) = rar Imp (y) = “B™, Fnp(y) = 3, Vy = 7 € O*. 

We now define a neutrosophic soft point as € NS(QN),4 € N givenas: 

Tas (x) = 1, Ing(x) = 0, Fa,(x) = 0, Vx € O*. 


We shall estimate the distance function ‘d’ here for k = 1 only. Similar conclusion can be drawn for different 


values of k. 
d(nm,4s) = |Tny (x) — Tas (x)| + [ny (%) — Tag (*)| + [Fry (%) — Fas (x)| 
n 1 1 
lat 1/4 lan Ol 4 Bn 0 
a. 1 | 1 i 1 
n+12n' 3n 


lin+5  11+82 


6n2 + 6n n(6+ ©) 


Hence, d(njy,as) —> 0asn —> coie., {nj} converges to ds. 
To test the continuity of (@, p) at as, we shall use the theorem (2) of [4.6]. 
Clearly, (9, p) (as) = {< y,(1,0,0) >: y € g(Q*)}; For same ‘d’ stated above, 


alo Wo) (P-¥#Nas)] = Ipaq FI Z™ 0141 Z™ 9 
_ il-m 1—-m 1—m 
2-m' 2 ' 3 
(1 — m)(16 — 5m) 
6(2 — m) 


This shows d[(g,~)(1m),(9,)(as)| —> 0 as n —+ 9 (ie., asm — 1). Hence {(9,)(ny)} converges to 
(9, W) (as) and so (9g, p) is continuous at (as). 


2. Consider a neutrosophic soft sequence {ny} in NS(Zy) (Z being the set of integers and N being the set of 
natural numbers) as following, for any n € N: 
Ta (*) =1— 4, Inu (*) = gar Fam (X) = aq, Vx € Z. 
Then (NS(Zyn),d) forms an NSMS where ‘d’ is defined in (2)(i) of [2.3]. Now, let a neutrosophic soft function 
(9,p) : NS(Zn) + NS(Zyufo}) be given by (9, p)(nm) = mp, m € N where g: Z— Zandp:N + NU {0} 
be two crisp functions defined as g(x) = 3x = y (say) and p(n) = n—1 = m (say). Then (9,#)(nm) = mp is 
defined as : 

1 


Tn (y) = 1-a7_ ify = e(x) 
mp T= 
; 0 otherwise. 


eae ify = g(x) 
1 otherwise. 


Mp — 
; 1 otherwise. 


We now define a neutrosophic soft point ag € NS(Zn),a € N givenas: 
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Tas (x) = 1, Ing(x) = 0, Fa,(x) =0, Vx € Z. Then fork = 1, 


A(nm,4s) = |Tny(*) — Tas (x) + [lina (%) — Tag ()| + [Fam (2) — Fas (*)| 
1 1 1 
= |1 1| 4 t 
| n | Fi 0| Fre 0 
1 1 1 


nm n+l 
15n+8  154+8 


7n2+7n n(7+2) 


Similar conclusion can be drawn for different choice of k. Hence, d(ny,as) —>+ 0asn —> oie., {ny} 
converges to as. But {(, f)(ny1)} does not converge to (¢, )(as) clearly and hence, (¢, #) is not continuous at 


as. 


4.7 Theorem 


Let (g,) : (NS(Ug),d) > (NS(V_v),d’) be a neutrosophic soft function. Then (9, #) is continuous on NS(Ug) 
iff (p, p)~!(P) is open in NS(Ug) whenever P C NS(V¢r) is open. 


Proof. First suppose (@, #) be continuous on NS(Ug) and P C NS(V¢zr) be an open NSS. Let egy € (9, )~!(P). 
Then (9, )(e9q) € P. Since P is open NSS, there exists an open ball By((¢, P)(eom),€) C P. Again as (9,1) is 
continuous at egy, there exists 5 > 0 such that d'[(, p) (ew), (9, #) (eom)] < € whenever d(en,egm) <6 forey € 
NS(Ug). It implies (p,p)(en) € Bo((,P)(eom),€), Ven € Bu(eom,4). But (g,p)(en) € Bo((9,$)(eom),€) C 
P => en € (9,)~1(P). Thus By (eoy,) C (g,)~!(P) whenever egy € (9, )~!(P). Hence ey is an interior 
point of (g, p)~!(P). Since egy is arbitrary, (y, p)~1(P) is open in NS(Ug). 

Conversely, assume that (g, p)~!(P) is open in NS(Ug) for every open NSS P C NS(V¢gr) and egy € NS(Ug) 
be arbitrary but fixed. Then (9, p)(e€9y;) € NS(Ve-) and By((9,#)(eoq),€) being an open ball is an open set in 
NS(Vzz). So by hypothesis, (9, p)~ [Bo ((, #) (com), €)] is open in NS(LIz). Now (9,1) (com) € Bo((,)(com)-€), 
clearly and so egy € (9,)~'[Bo((g,)(eom),€)]- Since (¢,)~![Bo((9,#)(eom),€)] is open in NS(Ug), so 
Bu(eom,9) © (9) *[Bo((g, P)(eom),€)]- Let ey € Bu(eom,5) © (g,)~"[Bo((g,P)(eom),€)]. Then en € 
Bu(eom,6) and (~,p)(en) € Bo((g,)(eom),€). This shows that d’[(p,p)(en),(~,P)(eom)] < € whenever 
d(en,eom) < die., (g,p) is continuous at eo. Since egy € NS(Ug) is arbitrary, so (g, p) is continuous on 
NS(Ug). 


4.8 Theorem 


Let (g,p) : (NS(Ug),d) — (NS(V¢;),d’) be an injective and continuous neutrosophic soft function. Then 
(@,)—1(Q) is closed in NS(Ug) whenever Q C NS(V¢r) is closed. 


Proof. Let egy € NS(Ug) bea limit point of (g, )~1(Q) C NS(Ue) and en € Bu(eom, 6) (,#) !(Q), en 4 eom- 
Then by sense of [2.2] (9), en € Bu(eom,d) anden € (g,~)~1(Q) = en € Bu(eom,d) and (9,P)(en) € Q. Again 
as (,) is continuous at egy, there exists € > 0 such that (,)(en) € Bo((g,)(eom),€) whenever en € 
Bu(eom,6) for en € NS(Ug). Thus (,p)(en) € Bo((g, $)(eom),€) 9 Q with (9, p)(en) # (p,p) (Com), as (9, ) 
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is injective. This shows that (@, #) (eos) is a limit point of Q. Since Q is closed in NS(Vzr), so (9, P)(eom) € Qie., 
eom € (9,p)~!(Q). Hence eoy being a limit point of (gy, p)~!(Q) belongs to (gy, p)~!(Q). Since epyy is arbitrary, 
so (9, )~1(Q) is closed in NS(Ug). 


4.9 Definition 


Let (NS(Ug),d) be an NSMS over (U, E) and M C NS(Ug) be an arbitrary NSS. Then the closure of M is denoted 
by M and is defined as follows : 
M=o{N Cc NS(Ug) : Nis neutrosophic soft closed and N > M} 


i.e., it is the intersection of all closed neutrosophic soft supersets of M. 


4.9.1 Example 

Let (NS(Ug),d) be an NSMS with respect to ‘d’ defined in (2)(i) of [2.3] where U = {x1,x2,x3} and E = {e1,e2}. 
Then every NSS defined over (U, E) is finite. Also every finite NSS on an NSMS is closed by [2.4](3). Now consider 
four NSSs M, N, P,1, C NS(Ug) such that M C N,P,1, only and they are given as following : 

fu(e1) = {< x1, (0.6,0.7,0.8) >, < x, (0.5,0.3,0.7) >, < x3, (0.4,0.4,0.5) >} 
fulez) = {< x1, (0.4,0.5,0.7) >,< x2, (0.3,0.4,0.8) >, < x3, (0.6,0.4,0.6) >} 


fr(e1) ={< x1, (0.6,0.5,0.8) >, < x2, (0.6,0.3,0.5) >, < x3, (0.5,0.3,0.4) >} 
fry(€2) = {< x1, (0.5,0.4,0.7) >, < x2, (0.4,0.2,0.6) >, < x3, (0.6,0.2,0.5) >} 
fr(ey) = {< x1, (0.7,0.4,0.6) >, < x2, (0.8, 0.2,0.4) >, < x3, (0.6,0.2,0.3) >} 
fr(er) = {< x1, (0.6,0.2,0.5) >, < x2, (0.5,0.1,0.5) >, < x3, (0.7,0.1,0.2) >} 


fi, (e1) = {< X41, (1,0,0) >< X92, (1,0,0) Pays X3, (1,0,0) >} 
fi, (ez) = {< X41, (1,0,0) >< X2, (1,0,0) P< X3, (1,0,0) >} 
Then M = 1, ANP = N. The corresponding t-norm (*) and s-norm (¢) are: a*b = min{a,b} andaob = 


max{a,b}. 


4.9.2 Proposition 


Let (NS(Ug),d) be an NSMS and M c NS(Ug). Then the followings hold. 
(1) M is the smallest closed NSS containing M. 

(2) M = Mif and only if M is closed. 

3)McPS>McP. 

(4) M = M. 


Proof. (1) Since intersection of a family of closed NSSs in an NSMS is closed and M is the intersection of all closed 


neutrosophic soft supersets of M, so the proof is completed. 
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(2) If M = M, then M is closed by (1). 
Conversely, let M be closed. By (1), M Cc M. Hence, we shall only show M c M. 
M = NM{PCNS(Uz) : Pis neutrosophic soft closed and P > M} 


Cc {Mc NS(Ug) : Mis neutrosophic soft closed and M > M} = M 


(3)McMandPCPSMcCPCPS3McP 
But M is the smallest closed set containing Mi.e., MC M C P. Hence, M Cc P. 


(4) If N is closed then N = N. Since M is closed, replacing N by M, we get M = M. 


(5)McMUPandPCMUPSMCMUPandPCMUPS>MUPCMUP. 
Also, Mc Mand PC P=> MUPC MUP. But we have, MUP C MUPC MUP. 
Thus, MUP = MUP. 


(66)MNPCMandMnPCPS>MNAPCMandMnPcP 
=> MNPCMoeP. 


4.10 Theorem 


Let (g, p) : (NS(Ug),d) > (NS(V_-),d’) be an injective as well as continuous neutrosophic soft function. Then, 


(1) (g, f)(N)  (@,)(N) in NS(V_r) for every N C NS(UE). 
(2) (g,p)-1(M) ¢ (9,p)~1(M) in NS(Ug) for every M C NS(V;z7). 


Proof. (1) Here (g,)(N) € NS(V¢gr) and so (,#)(N) is closed in NS(Vzr). Since (g,) is continuous, so 
(9,4) '[(g,p)(N)] is closed in NS(Up) by [4.8]. Then (p,p)~*[(p, $)(N)] = (p,¥)"[(@, $)(N)] by [4.9.212). 
Now (9, #)(N) is the closure of (¢,)(N). So, (g,¥)(N) ¢ (¢,#)(N) > Nc (9,0) 1[(@,0)(N)] = Nc 
(9.4) *[(g, p)(N)] = (9, P)"[(g, #)(N)]- Thus (9, $)(N) c (9, p)(N). 

(2) Here M is closed in NS(V_) and so is (g,p)~!(M) in NS(Ug) by [4.8]. But M Cc M => (9,~)71(M) Cc 
(gp) -*(M) = (9,~)-1(M) C (9,9) (M) = (9,9) 1M), 

as (¢, ~)~!(M) is closed. Thus (g, #)~1(M) ¢ (g,p)~1(M). 


4.11 Definition 


Let (91,1) : (NS(Ug),d1) — (NS(Ver),d2), (@2, 2) + (NS(Ver),d2) — (NS(Wev),d3) be two neutrosophic soft 
functions where (NS(Ug),d1), (NS(V_er),dz), (NS(We),d3) are three NSMSs. Then the composition of these two 
functions is given by : 

(92, P2) © (1, $1) : (NS(Ug),d,) + (NS(We),d3) and is defined as : 

[(p2, 2) © (pr, $1)] (em) = (92, P2)[(P1, $1) (em)] = (P2, 2) (en) = eR, 
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where ey, € NS(Ug), eh, € NS(Ver), ef, © NS(We) and forx € U,zeW 
N R 


T(z) =) MX (mom)e)=z MX (gropi)(e)=e" [Tew (2)], fx € (92° gi) *(2) 
0 otherwise. 


(Zi MIN(g,091)(x)=z MIN yroy,)(c)=e” Hem (x)], ifx € (~2 0 91) * (2) 
1 otherwise. 


Ey (z) = MIN (g)09;)(x)=z MIN (yp op) (e)=e" [Feu(x)], ifx € (p20 1) (2) 
1 otherwise. 


4.11.1 Example 


Let (91,41) : (NS(Ug),d) + (NS(Vz),d), (92,2) : (NS(Vg),d) — (NS(We),d) be two neutrosophic soft 
functions where d is defined in (2)(i) of [2.3]. Let U = {x1,x2} and E = {e1,e)}. We consider the NS(Ug) as given 
by the Table 2. 


Table 2: Tabular form of NS(Ug) 


C1A COA e1B €2B €1C 9c 
x41 (0.5,0.6,0.3)  (0.6,0.3,0.5) — (0.7,0.4,0.3) — (0.6,0.2,0.3) — (0.8,0.6,0.2) —_(0.7,0.2,0.5) 
x2 (0.4,0.7,0.6)  (0.7,0.4,0.3)  (0.6,0.7,0.2) — (0.4,0.3,0.5) — (0.5,0.7,0.4) — (0.1,0.5,0.8) 


Now let 1(x1) = ¥1, P1(x2) =¥1 and 1 (e1) = e2, ~1(e2) = e1. Suppose, 


(91,1) (e1a) = e2p, (91,41) (e2a) = e1c, (91,41) (1B) = e2c 
(91,1) (€2B) = e1H, (G1, 1) (€1c) = e2H, (G1, $1) (e2c) = e1D 


Then the following table (Table 3) represents (¢1, ~1)(NS(Ug)) : 


Table 3 : Tabular form of (91, 1)1)(NS(Ug)) 


€1D 2D €1G €2G 1H €2H 
Yy (0.7,0.2,0.5)  (0.5,0.6,0.3) — (0.7,0.3,0.3) — (0.7,0.4,0.2) — (0.6,0.2,0.3) — (0.8,0.6,0.2) 
Yy2 (0,1,1) (0,1,1) (0,1,1) (0,1,1) (0,1,1) (0,1,1) 


One calculation is provided here to make out the Table 3. 


T, = max max |Te,,(x)|, aS X1,X2 € ra 

ec (Y1) aie era (X)] 1X2 € 9, (y1) 
= max (0.6,0.7) = 0.7 

I = min min |Ie,,(x)|, aS X1,X2 € se 

ec (Y1) eros era (X)] 1X2 € 9, (y1) 
= min(0.3,0.4) = 0.3 

F, = min min |Fo,,(x)|, as x1,x2 € cd 

sol) = min min (Fna(2)) a8 m1-22 € 9) "(Y1) 


= min(0.5,0.3) = 0.3 


Further Teg (y2) = 0, Teg (y2) = 1, Ferg(y2) = 1 as x1,x2 € py '(y2): 
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Now assume @2(y1) = 22, g2(y2) =Z1 and (e1) =e1, 2(e2) = e2. Suppose, 


(92, 2)(C1p) = ert, (P2,¥2)(e1g) = e1Q, (2, P2)(e1H) = eim 
(92,2) (e2p) = e2m, (2,2) (e2G) = eat, (2,2) (2H) = e209 


Then (92, #2) [(91,$1)(NS(Ug))] is given by the Table 4. 


Table 4: Tabular form of (@2, #2)[(91, ¥1)(NS(UE))} 


e1L COL eM €2M &1Q £20 
21 (0,1,1) (0,1,1) (0,1,1) (0,1,1) (0,1,1) (0,1,1) 
za | (0.7,0.2,0.5)  (0.7,0.4,0.2)  (0.6,0.2,0.3) — (0.5,0.6,0.3) — (0.7,0.3,0.3) — (0.8,0.6,0.2) 


Thus the Table 4 gives (@2, 2) [(91, ¥1)(NS(UE))] = [(@2, 2) © (G1, P1)|(NS(Ug)). For convenience, 
[(P2, P2) © (Pi, Pi) (era) = (2, H2)[(Pr, 1) (e1.4)] = (P2, 2) (Cop) = e2m and so on. 


4.12 Theorem 


Let (91,1) : (NS(UE),41) + (NS(Ve"),d2), (2,2) + (NS(Ve),d2) + (NS(Wev),d3) be two neutrosophic 
soft functions where (NS(Ug),d1), (NS(Vze),d2), (NS(We),d3) are three NSMSs. If (1,1) is continuous at 
eon € NS(Ug) and (2, #2) is continuous at the corresponding point (91, ~) (eon) € NS(V¢_,), then the composite 
function (92, #2) © (p1,q1) : (NS(Ug),d1) + (NS(We),d3) is continuous at egy € NS(Uz). 


Proof. Let {enn} be a sequence of neutrosophic soft points in NS(Ug) such that limy+o enn = eon € NS(Ug). 
Since (91, 1) is continuous at eon, 80 (91, 1) (enn) > (1,1) (€on) € NS(V_r) as n — o0. Again since (92, 2) 
is continuous at (91, 1) (Con), 80 (P2, #2) [(P1,P1) (Cnn)] > (p2,P2) (Pr, $1) (eon )] € NS(Wer) as n — 0. This 


implies [(2, P2) © (P1,$1)](@nn) — [(P2- P2) © (1, P1)] (Con) € NS(Wer) as n — 00. 
Hence (2, #2) © (#1, #1) is continuous at egy € NS(Ug). 


4.13 Theorem 


Continuous image of a compact NSMS is compact. 


Proof. Let (g,w) : (NS(Ug),d) — (NS(V¢,),d') be a continuous neutrosophic soft function and NS(Ug) be a 
compact NSMS. We are to show that (gy, f)(NS(Ug)) = NS(Vp,) © NS(Ver) (say) is compact. Let {e/,,} be a soft 
sequence in NS(Vj,). Then for each e/,,, there exists ey, € NS(Ug) such that (9, pf) (eym) = ey = 1,2,3,---; 
Since NS(Ug) is compact, the soft sequence {e;4} has a subsequence {ey, 4} such that limp—soo n,m = eop © 
NS(Ug) (say). Again (,) is continuous on (NS(Ug),d), so it is continuous at egp. Then by (2) of theorem 
[4.6], limy00(9, P) (€nmm) = (9, ) (eo); But, (9, P) (Cn) = ey, and so limy +00 eh, = (P,P) (Cop); Thus a soft 
sequence {e/,,} in NS(Vz,) has a subsequence {e!, ,} converging to a soft point in NS(Vz,). This follows the 


theorem. 
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5 Uniform continuity on NSMS 


This section gives the concept of uniform continuity of a neutrosophic soft function on an NSMS and it’s charac- 


teristics on NSMS. 


5.1. Definition 


Let (NS(Ug),d) and (NS(V_/),d') be two NSMSs. Then a neutrosophic soft function (g, p) : NS(Ug) + NS(Ver) 
is said to be uniformly continuous on NS(Ug) if for each € > 0 there exists a d > 0 depending only on e, not on 
the point such that 

a'((,p)(em), (9, P)(en)] <€ whenever d(ey,en) <5 Wem,en € NS(UE). 


5.1.1 Example 


Consider a neutrosophic soft function (gy, p) : (NS(Zz),d) + (NS(Zg),d) where ‘d’ is defined in (2)(i) of [2.3] 
and Z be the set of integers. The function is defined as (9, )(em) = 6(em,P) for any NSS P C NS(Zg) and 
em € NS(Zg), where 


BlemP) = (<x, min {\Toy(#) — Tep(x)[}, max {lly (#) ~ lep(2)]}, 
may { [Fey (*) — Fen(3)I} >: € Z} 


Now for any two points ey,en € NS(Zz) and for P C NS(Zz) , we have 


d|(p, p)(em), (9, ¥) (en) 
= dlp6(em, P), 6(en, P)] 
= min ( | min {| Tey (x) — Tep(x)|t ~ min {|Tey (x) — Tep(x)|}I 


+ | max {Tem (%) — len (x) [+ — max {[Tey (+) — Teo (*)1 


epEP 
+ | max {|Fey,(*) — Fep (x)|} — max {| Fey (x) — Fep(x)|}]) 
epEP epEP 


<__ min ( | min {Toy (x) + Top (x) } — main {Toy (x) + Ten(x)}| 
+ | max {Tey (%) + Ten (x) } — max {Tey (*) + len (x) }| 

+ | max {Foy (x) + Fen(x)} — max {Foy (x) + Fen(x)}1) 
= min (| min {Tey (*) + Tep (x) — Tey (2) ~ Ter (*)} 

+ | max {Tey (%) + Tep(%) — Tey (%) — Tep (x) }| 


epeEP 


+ | man {Fey (2) + Fer (x) — Foy (2) — Feo(x)}1) 


= min (|Tey,(*) — Tex (¥)| + [em (%) = Ten (*)| + [Feu (*) — Fen (x)! 


= d(em,en) <d=€ 


Hence (9, #) is uniformly continuous on NS(Zez). 
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5.2 Theorem 


The image of a Cauchy sequence in an NSMS under a uniformly continuous neutrosophic soft function is again a 


Cauchy sequence. 


Proof. Let (g,) : (NS(Ug),d) > (NS(Vev),d') be a uniformly continuous neutrosophic soft function. Then for 
each € > 0 there exists a d > 0 depending only on e, not on the point such that 


d'{(9,) (em), (9,W)(en)] <€ whenever d(ey,en) <6 Vem,en € NS(Ug). 

Let {e,p} be a Cauchy sequence in NS(Ug). Then to every 6 > 0 there exists an ng € N (set of natural numbers) 
such that d(emp,enp) <6 Vm,n > no. 

This shows d’[(@, p) (emp), (9, #) (€np)| < € Vm,n > ng and that ends the theorem. 


5.3. Theorem 


Every uniformly continuous neutrosophic soft function on an NSMS is continuous. 


Proof. Replacing ey by eon, an arbitrary but fixed neutrosophic soft point, it directly follows from definition [5.1]; 


5.4 Theorem 


Uniform continuous image of a complete NSS in an NSMS is complete. 


Proof. Let (g,) : (NS(Ug),d) > (NS(V_v),d') be a uniformly continuous neutrosophic soft function and M C 
NS(Ug) be a complete NSS. We are to show that (g, p)(M) = P (say) is complete. Let {e,,.4} be a neutrosophic 
soft Cauchy sequence in M such that limy—o enum = €om € M. Then {(9, ) (ens) } is a Cauchy sequence in P by 
theorem [5.2]; Again (¢, ) being uniformly continuous neutrosophic soft function is continuous by theorem [5.3] 
and so, limn—soo (9, )(enm) = (9, )(eom) € P by theorem (2) of [4.6]; Thus a cauchy sequence {(9, p) (ens) } in 


P converges to a point in P and this completes the proof. 


5.5 Theorem 


Uniform continuous image of a compact NSMS is compact. 


Proof. It is the combination of theorem [5.3] and the theorem [4.13]; 


6 Conclusion 


In this paper, the notion of compact NSMS has been introduced and is illustrated by suitable examples. The 
continuity and uniform continuity of a neutrosophic soft function in an NSMS have been defined and verified by 
proper examples. Several related properties, theorems and structural characteristics of these in an NSMS have 


been investigated. Some are justified by suitable examples also. The motivation of the present paper is to put 
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forward the concept introduced in [32]. We expect, these concepts will bring an opportunity of further research 


work to develop the NSS theory. 
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